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Abstract
If G is a simply connected semisimple group defined over a number field k and ∞ is the set of all
infinite places of k, then G has strong approximation with respect to ∞ if and only if the archimedean
part of any k-simple component of the adèle group GA is non-compact. Using the affine Bruhat–Tits
building, the authors of [W.K. Chan, J. Hsia, On almost strong approximation of algebraic groups,
J. Algebra 254 (2002) 441] formulated an almost strong approximation property (ASAP) for groups
of compact type, and they proved that ASAP holds for all classical groups of compact type whose
Tits indices over k are not 2A(d)n with d  3. In this paper, we show that ASAP holds for groups of
types 3,6D4,G2,F4,E7, or E8.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let k be a number field and o be its ring of integers. For every finite prime p of k,
the local completion of k at p is written as kp, and the ring of integers in kp is denoted
by op. Let G be a simply connected semisimple (linear) algebraic group. We fix a k-rational
faithful representation ρ :G → GL(V ) and use it to define all the rational points of G over
all field extensions of k. A o-lattice L on V is selected so that at any finite prime p, the set
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be a finite set of primes of k containing the set ∞ of all infinite primes.
By the work of Kneser [11,12] and Platonov [16, Theorem 7.12], we know that G has
the strong approximation property with respect to S if and only if GS =∏p∈S G(kp) is
not compact. The special case where G is the spin group of a quadratic form in three or
more variables was first proved by Eichler [6] and Kneser [9], and this result occupies a
central feature in the arithmetic of quadratic forms, especially for the indefinite forms. If
the quadratic form is totally definite, it is known that strong approximation with respect
to S = ∞ cannot possibly hold for the spin group. A “standard” remedy [10] is to take
a prime q at which the form is isotropic and apply strong approximation with respect to
{q} ∪ ∞. This, however, has the draw back that much of the arithmetic information at q is
lost. A recent paper of Hsia and Jöchner [8] shows that one can manage to control the loss.
Indeed, if V is a positive definite quadratic space over Q of dimension  3 and O ′(V ) is
the kernel of the spinor norm map, then they show the following:
Let T be a finite set of primes of Q disjoint from ∞ and ε a fixed positive number.
For any family F = {σp ∈ O ′(Vp): p ∈ T }, there exists a finite set of primes Ω =
Ω(T, ε,F) such that for any q /∈ Ω , there is an element σ ∈O ′(V ) with the following
properties:
(1) ‖σ − σp‖p < ε for all p ∈ T ,
(2) ‖σ‖p = 1 for all p /∈ T ∪ {q},
(3) ‖σ‖q = q2.
More general algebraic groups such that G∞ is compact were discussed in [5]. Such
G is said to have compact type. Since G∞ is never compact when k has a complex
embedding, therefore it is assumed throughout this paper that k is totally real. In [5],
a distance function between the vertices of the Bruhat–Tits building of G(kq) is introduced
as an intrinsic tool to measure the deviation of an element in G(kq) from being an integral
point. For the sake of convenience, we repeat its definition in the next paragraph. The
readers are refereed to [5] for a more detailed discussion. All the unexplained terminology
below regarding Bruhat–Tits buildings can be found in [3,4,7,20].
Let B = B(G) be the affine building of G over kq. The group G(kq) acts on B and each
vertex in B is identified with its stabilizer in G(kq) which is a maximal compact subgroup
of G(kq). Under this identification, the action of G(kq) on the vertices becomes the conju-
gacy action on the maximal compact subgroups. There is a well-defined distance between
two chambers C and C′, denoted by d(C,C′); namely, the length of any minimal gallery
connecting them. The distance between any two simplices x and y can be defined by
d(x, y)= Min{d(C,C′): x ∈ C, y ∈ C′}.
Although different vertices may have distance 0, the above definition is well-defined on a
conjugacy class of vertices, i.e., d(x,σ (x))= 0 if and only if σ(x)= x .
Definition 1.1 [5, Definition 2.1]. Let σ ∈ G(kq) and x be a vertex in B. Then σ(x) is a
neighbor of x (or σ is in a neighbor of x) if d(σ(x), x)= 1.
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G(k), where G is arbitrary, is given in [5]:
ASAP. Let s be a positive integer and P be a finite set of primes of k which does not
contain any infinite prime. Given a family of local elements F = {σp ∈ G(kp): p ∈ P },
there exists a finite set Ω = Ω(F , s) of primes such that if q /∈ Ω , then one can find an
σ ∈ G(k) satisfying:
(1) σ ≡ σp mod ps for all p ∈ P ,
(2) σ ∈ G(op) for all p /∈ P ∪ {q}, and
(3) σG(oq)σ−1 and G(oq) are neighbors.
This formulation of ASAP is affected neither by the choice of the k-embedding ρ nor
by the lattice defining the integral points. By considering the restriction of scalars, we may
assume that G is absolutely simple at the outset.
In [5, Section 5], applications of ASAP in the study of integral forms of G are given.
For example, every class in the genus of an integral form of G has a representative which
is a q-neighbor of that integral form [5, Proposition 5.1]. This, together with the veracity
of ASAP for any classical group whose Tits index over k is not 2A(d)n (d  3) [5, Sections 3
and 4], implies new results on integral representations of positive definite quadratic forms,
hermitian or skew-hermitian forms. See [5, Theorems 5.1 to 5.4]. In this paper, we show
that ASAP holds when the root system of G is of some exceptional type. More precisely,
we have the following theorem.
Theorem 1.1. Let G be a simple simply connected group of compact type defined over a
totally real number field k. Then ASAP holds for G(k) when G is of one the following
types:
3,6D4, G2, F4, E7, and E8. (∗)
All groups satisfying the hypothesis in Theorem 1.1 are quasi-split over some quadratic
extensions of k [16, Propositions 6.15 and 6.16]. This allows us to give a uniform proof of
ASAP for those groups, which is in contrast to the case-by-case analysis employed in [5]
for the classical groups.
For any root α of G with respect to some maximal torus, let Uα be the associated 1-
parameter subgroup. The 3-dimensional group Gα := 〈Uα,U−α〉 is isomorphic to SL2 and
we simply call it a SL2-subgroup of G. If, in addition, α is a long root, then Gα is called a
long SL2-subgroup.
From now on, we further assume throughout this paper that G is one of the types in (∗).
Our strategy for proving Theorem 1.1 is as follows. We first show that G has a long SL2-
subgroup defined over k and hence over each kp. The table in [19] shows that G is isotropic
at any finite prime p and Platonov [15] (see also [16, Theorem 7.6]) showed that Kneser–
Tits conjecture holds for G over kp. As a result, G(kp) is generated by the kp-rational
points of all kp-defined long SL2-subgroups and hence each σp in the family F as in the
hypothesis of ASAP can be assumed to be inside some kp-defined Gαp . We then find a
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system A1 [5, Proposition 3.1], and finish the proof by an induction argument.
2. Neighbors
Let q be a finite prime of k. The valuation group of k×q is normalized to be Z. In this
section, we describe the apartments of the building of G(kq) and the neighbors of a vertex
in an apartment in terms of the root systems of G. Let T be a maximal kq-split torus of G
and Φ be the root system of G relative to T . In the subsequent discussion, the following
conditions on G are imposed:
G is quasi-split over kq and is split over an unramified Galois extension of kq.
Furthermore, G(oq) is a hyperspecial vertex in the building of G(kq). (∗∗)
The above conditions imply that there exists a kq-defined maximal torus T˜ which
contains T and is split over a finite unramified Galois extension E/kq, see [2, 3,
Corollary 1]. It is obligatory that T˜ is the centralizer of T in G. Let Φ˜ be the root system
of G relative to T˜ . Note that if G is of type G2,F4,E7,E8, or 1D4, then it is split over kq
[19] and hence T = T˜ in those cases.
Let V be the real vector space spanned by the co-characters of T . The apartment in
the building of G(kq) corresponding to T is the affine space underlying V . Since G(oq)
is a hyperspecial vertex, we can make G(oq) become the 0 element of V . Under the
conditions (∗) and (∗∗), Φ is reduced2 [3, 4.2.23] and the chambers in V are the connected
components of the complement of the set {v ∈ V : α(v) = n for some α ∈ Φ, n ∈ Z} in V
[3, 4.2.21, 4.2.22, 4.3.4]. Therefore, a vertex y in V is a neighbor of G(oq) if and only if
y = β∨(π−1)G(oq)β∨(π), where β is a long root in Φ and π is a uniformizer of o.
If p is the map which sends a character of T˜ to its restriction on T , then Φ = p(Φ˜)−{0}.
Moreover, for any system of simple roots ∆ of Φ , there is a system of simple roots ∆˜
of Φ˜ such that p(∆˜) = ∆ and ∆˜ is invariant under the action of Gal(E/kq), see [18,
Lemmas 15.5.1 and 15.5.3]. Conversely, if Gal(E/kq) keeps ∆˜ invariant, then p(∆˜) = ∆
is a system of simple roots of Φ [17, §2, Theorem 2.3.1]. When β˜ is the highest root for ∆˜,
its restriction on T is the highest root in Φ for ∆ [18, Lemma 15.5.7]. In below, we say
that ∆˜ is a Gal(E/kq)-system of simple roots if ∆˜ is invariant under Gal(E/kq).
Suppose β˜ is a kq-defined long root of G relative to T˜ and β = p(β˜). Then the co-
root w associated to β˜ is defined over kq and β∨ = w. We claim that β is the highest
root for a system of simple roots relative to T and so w(π−1)G(oq)w(π) is a neighbor
of G(oq). It suffices to show that every kq-defined long root of G relative to T˜ is the
highest root for a Gal(E/kq)-system of simple roots relative to T˜ . This is clear when G
is split over kq. If G is of type 3,6D4 over kq, let ∆˜ = {α1, α2, α3, α4} be a Gal(E/kq)-
system of simple roots of G relative to T˜ with {α1, α3, α4} and {α2} the two Gal(E/kq)
orbits. Then the kq-defined positive long roots are β1 = α2, β2 = α1 + 2α2 + α3 + α4, and
2 This also follows from examining the local extended Dynkin diagrams in [20].
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two, β1 and β3, are the highest roots for {α1 + α2 + α3,−β1, α1 + α2 + α4, α2 + α3 + α4}
and {α1 + α2,−β2, α2 + α3, α2 + α4}, respectively. The case in which G is of type 2D4
over kq can be checked similarly.
3. A homogeneous space
By [16, Propositions 6.15 and 6.16], we know that G is split or quasi-split over some
quadratic extension F/k. The hypothesis in those propositions are satisfied by the Hasse
principle of H 1(k,G), see the explanation in [16, p. 335]. Let B be a Borel subgroup of
G defined over F . Then T = B ∩Bτ is a maximal k-torus of G, where τ is the non-trivial
element in Gal(F/k). Let R be the root system of G relative to T .
Lemma 3.1. There exists a long root α in R such that Gα is defined over k.
Proof. There exists a system of simple roots ∆ of R which is invariant under Gal(k/F ).
Here k is an algebraic closure of k containing F . Let α be the highest root for ∆. Then α
is a long root defined over F . As G is anisotropic over k, we must have ατ = −α and τ
interchanges Uα and U−α . This shows that Gα is defined over k. 
Let α be the long root chosen in the above lemma and Nα be the normalizer of Gα in G.
We are interested in the homogeneous space Y = G/Nα . The map gNα → gGαg−1 is a
well-defined map from Y to the set of long SL2-subgroups of G. Since any two maximal
tori are conjugate inside G and any two roots of the same length in a root system are
conjugate by an element in the Weyl group, therefore Y can be viewed as the set of all long
SL2-subgroups of G. The k-rational points of Y correspond to those long SL2-subgroups
which are defined over k.
Lemma 3.2. Nα = Gα(NG(Uα)∩NG(U−α)).
Proof. It suffices to show that Nα is contained in the group on the right. Over k, Gα is
isomorphic to SL2. Hence the action of Gα on the set of its maximal unipotent subgroups
is doubly transitive. For any g ∈ Nα , gUαg−1 and gU−αg−1 are maximal unipotent
subgroups of Gα . There exists s ∈ Gα such that gU∗g−1 = sU∗s−1 where ∗ = α or −α.
This shows that g ∈ Gα(NG(Uα) ∩NG(U−α)). 
For simplicity, we denote by N+ and N− the subgroups NG(Uα) and NG(U−α),
respectively. Recall that α is the highest root for a system of simple roots ∆. Let R+ be
the set of positive roots defined by ∆. For any β ∈ R+, [Uβ,Uα] = 1 and hence Uβ ⊆ N+.
This shows that N+ is a parabolic subgroup of G and it contains the maximal torus T . By
[17, §11, Lemma 2.2.2], N+ is generated by T and all the Uβ that are contained in N+.
Let β be a negative root. If Uβ ⊆ N+, then α + β /∈ R ∪ {0} and hence (α,β)  0,
where (,) is an inner product invariant under the action of the Weyl group of R. However,
U−β is always contained in N+ and so (α,β) = 0. Conversely, if (α,β) = 0, then
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and so Uβ ⊆ N+.
Let Σ be the set of roots in ∆ that are orthogonal to α and RΣ be the root system
Z[Σ] ∩ R. By the above discussion, N+ = T 〈Uβ : β ∈ R+ ∪ RΣ 〉 and similarly N− =
T 〈Uβ : β ∈ R− ∪RΣ 〉, where R− is the set of negative roots defined by ∆. The subgroup
GΣ generated by {Uβ : β ∈RΣ } is a simply connected simple group with root system RΣ .
It is clear that N+ and N− are opposite parabolic subgroups of G and their intersection
N+ ∩N− is the Levi complement of N+ which is connected. By [17, §11, Lemma 2.2.2],
N+ ∩N− = TGΣ .
Proposition 3.1. The homogeneous space Y has the weak approximation property with
respect to any finite set of primes of k.
Proof. Let N torα be the largest quotient group of Nα that is a torus. The semisimple group
GαGΣ , which is a subgroup of the derived subgroup of Nα , contains a subtorus of T whose
rank is the same as that of T . This implies that N torα is trivial. For any finite set of primes S,
the obstruction to the weak approximation property with respect to S is the cokernel of the
following map (see [1, Theorem 3] or [14, Theorem 4.2]):
H 1
(
k,N torα
)→∏
v∈S
H 1
(
kv,N
tor
α
)
.
Hence Y has the weak approximation property with respect to S. 
We can also demonstrate the weak approximation property for Y by showing that it is
a symmetric k-variety [13]. The following proof of this fact is suggested to us by Tonny
Springer. Denote by ωβ the fundamental weight associated to β ∈ ∆. Let c ∈ T be an
element with ωβ(c) = 1 if β /∈ Σ and −1 if β ∈ Σ . The centralizer of c is connected
(because G is simply connected) and is generated by T and the Uγ centralizing it. As a
result, the centralizer of c is just Nα and hence Nα is the set of fixed points of the involution
of G induced by the conjugation of c.
4. Main result
This section is devoted to the proof of Theorem 1.1. Let α be the long root found in
Lemma 3.1. It is defined over k and hence over each kp. In particular, Gα(kp) is not finite.
Any G(kp)-conjugate of Gα is still a long SL2-subgroup defined over kp, whence the
kp-rational points of all these kp-defined long SL2-subgroups generate an infinite normal
subgroup of G(kp). We know from Tits’ classification [19] that G is isotropic over kp for
any finite prime p, and the veracity of the Kneser–Tits conjecture for G [16, Theorem 7.6]
implies that G(kp) does not have any noncentral normal subgroup. As a consequence,
G(kp) does not have any proper infinite normal subgroup and thus it is generated by the
kp-rational points of the kp-defined long SL2-subgroups of G.
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hypothesis of ASAP, we are given a σp ∈ G(kp) at each p ∈ P . Each σp can be written as
σp1 · · ·σpt where each σpi is in some kp-defined long SL2-subgroups of G with respect to
some maximal torus. We may assume that t works for all p ∈ P .
Let us look at the case when t = 1. For each p ∈ P , let Hp be a kp-defined long
SL2-subgroup of G which contains σp = σp1. Let Y be the homogeneous space of G
as defined in Section 3. It contains Hp as a kp-rational point. For any n ∈ N, the set
G(pn) = {x ∈ G(op): x ≡ 1 mod pn} is an open subset of G(kp). Therefore, G(pn)Hp
is open in Y (kp) [16, Corollary 2, p. 114] and Proposition 3.1 implies that there exists a
k-defined long SL2-subgroup H such that for any p ∈ S, ∃gp ∈ G(pn) and H = gpHpg−1p .
Let n be large enough so that there exists φp ∈ H(kp) at each p ∈ S with φp ≡ σp mod ps .
We may then work with the family {φp}p∈P instead of {σp}p∈P .
For any p, the integral points of H is set to be G(op)∩H . By [16, 6.7] and [20, 3.9.1],
there exists a finite set of primes P0 ⊇ P so that the following three conditions hold for all
p /∈ P0:
(i) both H and G are quasi-split over kp,
(ii) H(op) and G(op) are hyperspecial maximal compact subgroups of H(kp) and G(kp),
respectively, and
(iii) both G and H are split over an unramified extension of kp.
For any p ∈ P0 \ P , let φp be the identity element in H . The integer s can be enlarged
so that an element β of H(kp) will be in H(op) if it is congruent to 1 modulo ps . The
group H is a twist of SL2 and hence it is isomorphic to the special unitary group of a
binary hermitian space over a CM extension of k. ASAP for such a group is verified in [5,
Proposition 3.1]. Let Ω be the finite set of primes obtained in statement of ASAP for H(k),
the family {φp}p∈P0 , and the integer s. So, for any q /∈ Ω , there exists σ ∈H(k) such that
(1) σ ≡ φp mod ps for all p ∈ P0,
(2) σ ∈ H(op) for all p /∈ P0 ∪ {q},
(3) σ is in a neighbor of H(oq).
The discussion in Section 2 says that there exists a co-root w of H relative to the
torus w(Gm) such that σH(oq)σ−1 = w(π)−1H(oq)w(π). Since H(oq) is a maximal
compact subgroup of H(kq), it is equal to its own normalizer in H(kq) and hence w(π)σ
is in H(oq). However, H(oq) is a subgroup of G(oq) and G(oq) itself is also equal
to its normalizer in G(kq). Therefore, σG(oq)σ−1 is equal to w(π)−1G(oq)w(π). In
order to claim that σ is in a neighbor of G(oq), we have to show that w is the co-root
associated to some long root β˜ of G relative to a maximal kq-torus which contains a
maximal kq-split torus (cf. Section 2). Suppose H is equal to Gα for some long root α
of G relative to a maximal torus T0. Let v be the co-root of G such that α∨ = v and put
T v = v(Gm). For w, the torus T w = w(Gm) is split over kq. Let T be a maximal kq-split
torus of G containing T w , and T˜ be a kq-defined maximal torus containing T as described
in Section 2. Since both T v and T w are maximal tori in H , there exists g ∈ H such that
gT vg−1 = T w . The tori T ′ = gT0g−1 and T˜ are maximal in ZG(T w), the centralizer of
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map t → (hg)t (hg)−1 from T v to T w . Then w−1 ◦ ι ◦ v is an automorphism of Gm (note
that w is injective as G is simply connected). So, by using −v instead of v if necessary, we
should have ι ◦ v = w and w = β˜∨ for some kq-defined long root β˜ of G relative to T˜ .
The rest of the argument is an induction on t . For t > 1, select an integer δ > 0 such that
for any p ∈ P , if α ≡ σp1 and β ≡ σp2 · · ·σpt mod pδ , then αβ ≡ σp1 · · ·σpt mod ps . Apply
the induction hypothesis to obtain an element φ ∈ G(k) such that φ ≡ σp2 · · ·σpt mod pδ at
p ∈ P , φ ∈G(op) for all p /∈ P except at only one prime . At , φG(o)φ−1 = τG(o)τ−1
where τ is in a maximal k-split torus of a k-defined long SL2-subgroup. Let δ1 > δ be
an integer such that if γ ≡ τ−1 mod δ1 , then γ τ ∈ G(o). Let Ω be the set of primes
obtained by applying the t = 1 case to the family {σp1}p∈P ∪ {τ−1} and the integer δ1. For
any q /∈ Ω , we obtain an element ρ ∈ G(k). Then σ := ρφ is the desired global element.
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